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STRESS CONCENTRATION AROUND AN OPEN CIRCULAR HOLS 
IN A PLATE SUBJECTED TO BENDING NORMAL 
TO THE PLANE OE THE PLATS 
By C. Dumont 



SUMMARY 



An aluminum-alloy plate containing an open circular 
hole of diameter large compared with the thickness of the 
plate was subjected to hending forces normal- to the plane 
of the plate. Deflection and strain measurements were 
taken for two different loads. 

Stress concentrations ocoiirred at the edge of the 
hole and the maximum stresses were tangential to the hole 
at the ends of the transverse diameter. The maximum stress 
at the edge of the hole was 1.59 times the computed stress 
o-n the net section and 1.85 times the computed stress in a 
solid plate of the same dimensions subjected to the same 
Id en din? forces. The maximum deflections were about 20 
percent greater than the corresponding deflection for a 
solid plate of the same size subjected to the same "bending 
force s . 

The smallest edge distance was equal to 2«*l/2 times 
the diameter of the hole and the stress concentration on 
this side of the hole was the same as on the side where 
the edge distance was about 4-l/c? diameters. A theoreti- 
cal analysis of the problem shows that, for an aluminum 
plate of infinite width, the stress concentration at the 
edge of the hole would he 1.8 7 times the stress in a solid 
plate, which is substantially the same relation obtained 
for the plate tested. 

INTRODUCTION 




It is a well-established fact that holes, fillets, and 
other discontinuities in force-carrying members sive rise 
to concentrations of the stresses in the vicinity of the 
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discontinuities. Under conditions of repeated loading, 
these stress-concentration effects are of great importance 
"because they materially reduce the fatirare strength of 
the members, In recent years, this problem has received 
considerable attention and the stress-concentration fac- 
tors for open holes, notches, and fillets have "been deter- 
mined by both photoelastic (references 1, 2, and 3) and 
analytical (references 4 and 5) methods. To a large ex- 
tent, however, these investigations have been confined to 
specimens subjected to forces producing two-dimensional 
stress systems. Tuzi (reference 3) and Rowland and Steven- 
son (reference 5) have studied the distribution of stresses 
in a plate containing a centrally located open circular 
hole and subjected to bending forces parallel to the plane 
of the plate. The -oroblem of a plate containing an open 
circular hole and subjected to bending forces normal to the 
plane of the pldfe has been analytically studied "by Goodier 
(reference 6). rlo results of any experimental determina- 
tion of the stress concent rat i on around an open hole in a. 
plate subjected to bending forces normal to the plane of 
the plate have been found. The lack of experimental infor- 
mation regarding this problem is readily explained when it 
is realized that the stresses are three-dimensional and 
hence have not been determined by photoelastic methods. 

In view of this lack of data, it was decided to sub- 
ject a plate containing an open circular hole to bending 
forces normal to the plane of the plate and to determine 
by means of strain and deflection measurements definite 
experimental information regarding the distribution and 
the magnitude of the stresses and the deflections. 



SPECIMENS AND PROCEDURE 



The specimen used for this investigation was a 17ST 
aluminum-alloy plate 1.062 inches thick by 55 inches square 
and having a hole S inches in diameter bored in it, as 
shown in figure 1. This plate is the same plate used in 
the previous investigation reported in reference 7. The 
center of this hole was on the center line in one direc- 
tion and 20 inches from the edge of the plate in the other 
direction. The hole was made 8 inches in diameter primari- 
ly to have the diameter of the hole relatively large com- 
pared with the l/2-incfa gage length of the Huggenberger 
tensiometers and secondarily so that the tensiometers could 
be placed inside the hole. 
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Figure 2 shows the method used to support and load 
the plate. The plate wits supported on a span length of ?6 
inches, and line loads were applied 6 inches from the sup- 
ports so as to subject the middle 24 inches of the plate 
to a uniform "bending moment. Two increments of load were 
applied to the plate through the di st ri outing system "by 
means of a lever arrangement and standard 50-pound weights. 
Every effort was made to have the load uniformly applied 
across the entire width of the plate, hut this condition 
was only partly realized because of local irregularities 
in the plate. 

It was originally proposed to test the plate with the 
hole in the center of the span and at the center of the 
width, and then to repeal the test with the plate turned 
at righ^t angles so as to throw the hole off-center trans- 
versely but still maintain it at the center of the span. 
The plate was warped to such an extent, however, that the 
first test could not he satisfactorily made. In the test 
that was made, strains were measured on both sides of the 
plate at the various gage lines shown in figure 3, with 
Huggenberger tensiometers on l/2-inch and 1-inch gage 
lengths. In the immediate vicinity of the hole, strains 
were measured over l/2-iiich gage lines; at stations re- 
moved from the hole, the strains were measured over 1- 
inch gage lines. Deflection readings were taken by means 
of a dial gage, graduated to 0.001 inch, relative to a 
floor grid independent of the frame supporting the plate. 
The locations of the various deflection stations are shown 
in figure 4. Both deflection and strain measurements were 
taken for two different loads. Zigures 5 and 6 are photo- 
graphs of the plate in the process of being tested. 



RESULTS AND DISOUSSIOIT 



Throughout this report, strains and the corresponding 
stresses, measured parallel to axis Y-Y (fig. are re- 

ferred to as "transverse" strains and stresses, and those 
measured at right angles to this axis, as "longitudinal" 
strains and stresses. 

The strains measured at the various stations, which 
consisted of two intersecting gage lines shown in figure 
3, were converted into terms of stress in accordance with 
the biaxial stress relationships: 
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(7m , transverse stress, pounds per square inch. 
£^ , measured longitudinal strain, inch per inch 
Cm i measured transverse strain, inch per inch. 



era e p,, Poisson's ratio Cl/3 for 17ST aluminum 



*-"3j alio y ) . 



CO 3- E, modulus of elasticity, 10,300,000 pounds 
<-* ■ • 3 per square inch. 



3 In the cases for which strains were measured over 
2 £-03* r intersecting $a£6 lines, the directions and the mag-t 
~* nitudes of the principal stresses were determined by the 
-< dyadic circle method (reference 8). 

As previously mentioned, load was applied to the 
plate in two increments. The loads of 2,100 and 3,300 
pounds applied to the end of the loading lever subjected 
the plate to maximum bending moments of 24,320 and 38,220 
inch-pounds, respectively, uniform over the middle 24 
inches of the span. All of the data presented in this re- 
port, unless specifically indicated as being otherwise, 
are those determined when the plate was subjected to a 
constant bending moment of 38,220 inch-pounds. 



Figure 8 shows the stresses measured at all the sta- 
tions on the top and the bottom surfaces of the plate. 
All stresses measured on the top of the plate were compres- 
sion, and those on the bottom were all tension. Figure 8 
shows that the maximum tangential stresses at the eds;e of 
the hole are the stresses normal to the transverse axis. 
With few exceptions, the magnitudes of the stresses meas- 
ured at corresponding locations on opposite surfaces of the 
plate differed from each other by not more than 500 pounds 
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ioer square inch and, in most cases, the differences were 
less. One notable exception is the compressive stress of 
6,200 pounds per square inch measured on the top of the 
plate at station S-6 (fig. % ) as compared with a tensile 
stress of 6,950 pounds per square inch measured at the 
corresponding station on the "bottom of the plate. Figure 
9, which shows the measured stresses at stations D-4 and 
D-6 plotted against the load on the loading lever, indi- 
cates that the magnitude of the stress on the top of the 
plate at station D~6 was very probably about 6,750 pounds 
per square inch instead of the measured value of 6,200 
pounds per square inch. 

Figure 10 shows the distribution and the magnitude of 
the longitudinal stresses along the transverse center line. 
For the sake of simplicity, the magnitudes of the stresses 
measured on opposite surfaces of the plate have "been aver- 
aged and these average, values have been plotted. On one 
side of the hole, the maximum stress was 6,850 pounds per 
square inch and, on the other side, 6,360 pounds per square 
inch. From the close agreement of these two stress values 
it is evident that the difference in the edge distances 
had no appreciable effect on the magnitude of the maximum 
stress at the edge of the hole. In other words, this q 
agreement indicates that, if the plate had been turned 90 
so as to have the hole in the center in both directions, 
the maximum stresses would have been the same as those 
measured in the case investigated* 

G-oodier (reference 6 ) has shown that the tangential 
and the radial stresses at any point in a plate of infi- 
nite width containing an open circular hole and subjected 
to uniform bending moment normal to the plane of the plate 
may he e xp r e s s e d as follows: 

(i) 



- (i^)fl + ^) + (l^)fl + - 4 '^x^ -3 |?X^) cos 29 



(2) 



wne r e 



f r is radial stress, pounds per square inch. 



r 

f n , tangential stress, pounds per square inch. 
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M, applied "bendin? moment per inch of width, 
inch-pounds per inch. 

2, section nodulus of plate per inch of width, 
in. 3 per inch. 

a, radius of hole, inches. 

r, radial distance from the center of hole, 
inch e s . 

9, angle between transverse center line and line 
alons which r is measured, as shown in 
figure 7. 

Equation (l) shows that, at all points at the ed^e of 
the hole (r = a), the radial stress is zero and approaches 
a definite- limiting value at r = co . Ohviously, this equa- 
tion is inapplicable to a plate of finite width hecause, in 
this case, the radial stress is zero at the ed^e of the 
plate as well as at the ed^e of the hole. Equation (2) 
shows that the tangential stress has minimum values when 
r = a and G = 90° and 270°, and maximum values when 
r = a and 6=0° and 130°. In other words, the maximum 
tangential stress at the ed?e of the hole is normal to the 
transverse center line, and the minimum tangential stress 
is normal to the longitudinal center line, When r = a 
and 0 = 0° or 180°, equation (2) reduces to 

8 max z (3 + p,) 

where 

is the maximum tangential stress at ed^e of 
nax hole, pounds per square inch. 

For aluminum, the foregoing expression reduces to 
1.87H/Z and for steel to 1.83M/Z "or 1 . 85M/Z , defending 
on whether a value of 0.25 or 0.30 is ured for ?oisson ! s 
rat i o . 

} Hhe computed maximum fiher stress across the gross 
section of the test plate, when subjected to a "bending mo- 
ment of 38,220 inch-bounds , was 3,700 pounds per square 
inch and, on the "basis of tills value, the maximum measured 
stress of 6,850 (fig. 10) indicates that the stress- 
concentration factor at the ed^e of the hole was 1.85. 
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This experimentally determined value- of stress-concent ra- 
tion factor differs from the theoretical value for an in- 
finite plate "by only 1 percent. G-oodier's expression for 
stress concentration at the ed^e of a circular hole in a 
plate of infinite width subjected to uniform "bending nor- 
mal to the plane of the plate is evidently applicable, 
with no appreciable error, to plates of finite width in 
which the ed§e distances are at least 2-1/2 times the di- 
ameter of the hole. For the particular plate tested, the 
stress-concentration factor "based on the computed stress 
on the net section was 1.59. Obviously, as the ratio of 
the width of the plate to the diameter of the hole is in- 
creased, the stress-concentration factor based on the com- 
puted stress on the net section approaches a value of 1.37 
as a limit. 

The stress-distribution curve on the ri^ht of figure 
10 shows that the magnitude of the longitudinal stresses 
along the transverse center line falls off rapidly and, 
at a distance of 2.5 times the radius of the hole from the 
center of the hole, the stress reaches a value that, for 
all practical purposes, remains constant to the ed^e of 
the plate. The distribution curve on the left of figure 
10 is similar to that on the right for a distance of about 
9 inches from the center of the hole, but the stress 
reaches a minimum value at a point about 17 inches from 
the center of the hole and then gradually increases from 
this point to the ed^c of the plate. Figure 10 also shews 
G-oodier's theoretical distribution of longitudinal stress 
alon? the transverse center line, for a plate of infinite 
width. A summation of the areas under the two curves 
shows that the theoretical stress distribution accounts 
for 97.5 percent of the applied external moment and that 
the measured stress distribution accounts for only 93 per- 
cent of the external moment. An inspection of the two 
curves shows that a lar^e part. of this difference results 
from the fact that a part of the measured distribution 
curve dips down to a minimum value between the cd^e of the 
hole and one edge of the plate. It is probable that this 
low stress area may have been the result of unavoidable 
irregularities in loading. When the plate was subjected 
to very light loads, the loading rollers made a nonuniform 
contact across the plate, contact between the plate and 
roller occurring only at the high spots on the plate. 
Even when the full load was applied, at a number of points 
the rollers did not make contact with the plate. 

Figure 11 shows the magnitude and the distribution of 
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the measured transverse stresses alon^ the transverse cen- 
ter line of the plate. These stresses are ooviously zero 
at the edges of the plate and at the ©$.#£ of the hole. 
Between the ed^e of the hole and the odge of the plate 
nearest to the hole (edge distance = 2-| x diameter), the 
stress reached a maximum value at a distance of about one 
diameter from the center of the hole; whereas, "between the 
edge of the hole and the edge of the plate farthest from 
the hole (edge distance = 4-3/8 x diameter), the maximum 
stress occurred at a distance of about two diameters from 
the center of the hole. Figure 11 also shows the computed 
transverse stress distribution for a plate of infinite 
width. The measured stress curve and the computed stress 
curve are in reasonable agreement on both- sides of the 
hole up to the point where the stress in the plate of fi- 
nite widths begins to decrease; that is, for a distance 
of one or two diameters from the center of tfoe hole, de- 
pending on the edge distance. 

The distribution of the longitudinal stresses along 
the longitudinal center line is shown in figure 12. The 
longi tudi nal stress is zero at the edge of the hole and 
approaches a stress value equal to the stress in a solid 
plate at the load line. The curve for the infinite plate 
differs from the curve for the plate of finite width in 
that it is steeper near the edge of the hole and flattens 
out more rapidly. 

Figure 13 shows the distribution of transverse stress- 
es along the longitudinal center line. At the edge of the 
hole, the measured stresses in the 55-inch wide plate were 
about 12 percent higher than the computed stresses for an 
infinite plate. The maximum values of transverse stress 
measured along the longitudinal center line were about 2.5 
times the stress that wotild exist at the same point in a 
solid plate. In any event, both the longitudinal and the 
transverse stresses along the longitudinal center line are 
of small importance because the maximum stress at any 
point along this line is only as high as the stresses in 
a solid plate at the load line. 

Figure 14 shows the stress distribution through the 
thickness of the plate at stations B-4 and D-6 (fig. 3 )» 
The values plotted are the average of the stresses meas- 
ured at the two stations. The distribution of the stress 
through the thickness of the plate is seen to be linear. 
These data were obtained from strain measurements taken 
inside the hole with t oncometers having knife edges about 



- -rrrv-in-ir 



H.A.C.A. Technical iTote No. 740 9 



0.08 inch wldei honco, the actual position of the ^a£;e 
lino with respect to the surface of the plate was not defi- 
nitely known. In all prcoahility, however, the actual po- 
sition of the s^c line did not differ from the points 
plotted "by more than l/l5i inch. 

The deflections of the plate alon^ various lon^itudi- 
rial sections are shown in figure 15. Figure 16 shows that 
all points alon^ any transverse section deflected practi- 
cally the same amount. In figure 17 the deflections meas- 
ured alon^ the lon^'i tudi nal sections F>-3 and 5-5, which 
are tangent to the ed^e of the hole, and the deflections 
measured alon^ the lon'si tu.dinal center line have "been com- 
pared with computed deflection values. The deflections 
measured aloxis; section 3~*3 were, within the limits of 
measurement error, equal to the deflections measured alon<^ 
section 5-5 and, consequently, in figure 17 only the aver- 
age curve for these two sections has been plotted. Figure 
17 shows that the •/.easured deflections alon^' the three 
sections .agreed with the computed deflections to within a 
for: thousandths of an inch. The computed deflections were 
determined from &©odier 1 s expression (reference 6) for the 
deflection of an infinite plate containing an open circu- 
lar hole and subjected to uniform "bending normal to the 
plane of the hole: 

» - - 5ITT j>->« + H-£ a 3 U k I - kH °* U + ° 0S 26) 
where 

w is deflection, inches. 

E ! , "olate modulus = g" 

I ** H ■ 

I, moment of inertia of plate per inch of 
width, in. per inch. 

x, distance alon? X axis (fig. 7) from center 
of hole to point considered, inches. 

d, one half the length of the section under 

constant "bending moment, inches (a « t> ) . 
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The agreement "between the measured and the computed 
deflections (fig, 17) indicates that G-oodier 'g expression 
for the deflection of infinite plates In the vicinity of 
the hole is applicable , without a significant error, to 
the plates of finite width in which the length under con- 
stant "bending moment is as short as three times the diam- 
eter of the hole. 

Figure 18 shows a comparison "between the measured de- 
flections at sections 3-3 and 5-5, and the computed deflec 
tion of a solid plate urir^; a value of 11,600,000 pounds 
per square inch for the plate modulus. From this figure, 
it is evident that the maximum deflection of the plate 
containing an open circular hole was about 20 percent 
greater than the computed maximum deflection of a solid 
plate of the same size loaded in the same manner. 



OOITGLUSIOIIS 



The foregoing results and discussion pertaining to a 
plate containing an open circular hole, whose diameter is 
relatively large compared with the thickness of the plate 
and subjected to uniform "bending normal to the plane of 
the plate may he summarised as follows: 

1. Stress concentrations occurred at the edge of the 
hole, the maximum stresses "being tangential to the hole at 
the ends of the transverse diameter. 

2# The maximum stress at the edge of the hole was 
1.59 times the computed stress on the net section and 1.85 
times the computed stress in a solid plate of the same di- 
mensions subjected to the same "bending forces. 

3. The smallest edge distance was equal to 2-1/2 
times the diameter of the hole, and the stress concentra- 
tion on this side of the .hole was the same as on the side 
where the edge distance was about 4-1/2 diameters. 

4. A theoretical analysis of the problem shows that, 
for an aluminum plate of infinite width, the stress con- 
centration at the edge of the hole would be 1.87 times the 
stress in a solid plate, which is substantially the same 
relation obtained on the plate tested. 

5. From the foregoing, it may be concluded that the 
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st r e s r-concen t rat i on factor oased on ^ross area would 
the same for any width of plate provided that the edge 
distance was at least 2«*l/ 2 diameters. 

6. The maximum deflections were aoout 20 percent 
greater than the corresponding deflection for a solid 
plate of the same size subjected to the same "bending 
forces. 

Aluminum Company of America, 

Aluminum Research Laboratories , 

New Kensington, Pa., July 21, 1939. 
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Fig-ure 1.- Detail of plate specimen. 
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Figure 3.- Method used to support and load plate. 
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Figure 9.- Load-stress curves for gage lines at edge of open hole in a plate. 
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Figure 3.- Location of strain-measurement stations. 




Figure 4.- Location of deflection-measurement stations. 





Figure 7.- Coordinate axes of plate. 
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Fig. 8 
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Figure 8.- Stresses measured at various locations on plate. 
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Figs. 10,11 
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Figure 10.- Longitudinal atre88 along Y-Y (transverse center line) of plate with open hole. 
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Figure 11.- Transverse atresa along Y-Y (tranererae center line) of plate with open hole. 
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Figg. 13,13 
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Figure 12.- Distribution of longi- 
tudinal stress along 
X-X (longitudinal center line). 



Computed stress on gross section 
for plate without hole 



Computed stress on gross section 
for plate without hole 




Figure 13.- Distribution of trans- 
verse stress along X-X 
(longitudinal center line). 
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Figt. 14,16 
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Figure 16.- Transverse deflection curves of plate with open hole. 
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Figure 14.- Stress distribution through thickness of plate. 
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Fig. 15 
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Figure 15 a and b.- Deflection curves for plate with open hole. 
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Fige. 17,18 
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Figure 17.- Comparison of meas- 

ured and computed 
deflections for a plate contain- 
ing an open circular hole. 
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Figure 18.- Comparison of measured 

and computed deflection 
for plate with open hole and solid 
plate. 
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